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Emulation of Rounded Arithmetic
in Rounding to Nearest

Masahide Kashiwagi®)
1) Waseda University

Abstract

In this report, we give a method to emulate rounded arithmetic (addition, subtraction, multiplica-
tion, division, square root) using only floating point operations in rounding to nearest. Using this

method, we can implement interval arithmetic without hardware change of rounding mode.
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def twosum(a, b)
x =a + b
tmp = x — a
y = (a — (x — tmp)) + (b — tmp)
return x, y
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def split (a)

tmp = a * (2.%%27 + 1)
x = tmp — (tmp — a)
y = a — X

return x, y

def twoproduct(a, b)

X =a % b

al, a2 = split(a)

bl, b2 = split(b)

y = a2 x b2 — (((x — al % bl) — a2 = bl)
— al = b2)

return x, y
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def succ(x):
a = abs(x)
if (a >= 2.x%x(—969)):
return x + a * (2.%xx(—53) +
2.x%(—105))
if (a < 2.%%(—1021)):
return x + a * 2.xx(—1074)
c = 2.%xx%x(53) * x
e = (2.xx(—53) +
return (¢ + e) *

2.x%(—105)) x abs(c)
2.x%(—53)

def pred(x):
a = abs(x)
if (a >= 2.%x%x(—969)):




return x — a * (2.%x%x(—53) +
2.x%(—105))
if (a < 2.4%(—1021)):

return x — a x 2.xx(—1074)
c = 2.%x(53) * x
e = (2.%x(—=53) + 2.xx(—105)) * abs(c)
return (¢ — e) * 2.x%x(—53)
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def add_up(a, b)
x, y = twosum(a, b)
if y > 0.:

x = succ(x)

return x

add_-down (a, b)
x, y = twosum(a, b)
if y < 0.:

x = pred(x)

return x
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def div_up(a, b)
if b <0 :
an, bn =
else:
an, bn = a, b
d = an / bn
x, y = twoproduct(d,
if x < an or

bn)

(x == an and y < 0.):
return succ(d)

return d

F sqrt_up(a)
d = math.sqrt (a)

x, y = twoproduct(d, d)
if x < a or (x=a and y < 0.):
d = succ(d)

return d
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>>> twosum (3.5630624444874539e+307,

—1.7976931348623157e¢+308)
(—1.4413868904135704e¢+308, nan)
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def twosum(a, b)
x =a+ b
if (abs(a) > abs(b)):
tmp = x — a
y = b — tmp
else:
tmp = x — b
y = a — tmp
return x, y
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>>> twoproduct (6.929001713869936e+236,

2.5944475251952003e+71)
(1.7976931348623157e¢+308, inf)
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def twoproduct(a, b)
x =a % b
if abs(a) > 2.%%996:
an = a * 2.%%(—28)
bn = b % 2.%%28
elif abs(b) > 2.%x996:

an = a x 2.%%28

bn = b * 2.%x%x(—28)
else:

an = a

bn = b
al, a2 = split (an)
bl, b2 = split (bn)

if abs(x) > 2.%%1023:
y = a2 x b2 — ((((x * 0.5) — (al =
0.5) % bl) % 2. — a2 % bl) — al




* b2)
else:
y = a2 x b2 — (((x — al * bl) — a2 =«
bl) — al *x b2)

return x, y
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def add_up(a, b)

x, y = twosum(a, b)
if x == float (”inf”):
return x
elif x = —float (”inf”):
if a == —float(”inf”) or b == —float
(”inf”):
return x
else:
return —sys.float_info .max
if y > 0.:
x = succ(x)

return x

add_-down (a, b)

x, y = twosum(a, b)
if x == float (”inf”):
if a == float (”inf”) or b == float (”
inf”):
return x
else:
return sys.float_info .max
elif x == —float (”inf”):
return x
if y < 0.:
x = pred(x)

return x

s, s2 = twoproduct(a * 2.x%x537, b =*

2.%x%537)

t = (x *x 2.%%x537) * 2.%x537
if t < s or (t =s and s2 > 0):
return succ(x)
return x
def mul_-down(a, b)
x, y = twoproduct(a, b)
if x = float (7 inf”):
if abs(a) == float (”inf”) or abs(b)
== float (" inf”):
return x
else:

return sys.float_info .max
elif x == —float (”inf”):

return x

if (abs(x) >= 2.%%(—969)):
if y < 0.:
return pred(x)
return x
else:
s, s2 = twoproduct(a * 2.%x%x537, b =*
2.%%537)
t = (x % 2.%%x537) % 2.%%537
if t > s or (t =s and s2 < 0):
return pred(x)
return x
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def

mul_up(a, b)

x, y = twoproduct(a, b)

if x = float (7 inf”):
return x

elif x = —float (7 inf”):

if abs(a) == float (”inf”)
== float (”inf”):
return x

or abs(b)

else:

return —sys.float_info .max

if (abs(x) >= 2.%xx(—969)):
if y > 0.:
return succ(x)

return x

else:

def

def

div_up (a, b)
if a==10 or b ==20 or abs(a) == float (”
abs(b) == float (”inf”) or a
= a or b != b:

/ b

inf”) or
return a

if b< O
an, bn =

else:
an, bn = a, b

if abs(an) < 2.%x(—969):
if abs(bn) < 2.%%x918:

2.x%x105

2.%x%x105

an *=
bn x=
else:
if an < 0.:
return 0.
else:
return 2.%xx(—1074)
d = an / bn
if d == float(”inf”):
return d
elif d == —float (”inf”):
return —sys.float_info .max
twoproduct (d, bn)
(x == an and y < 0.):
return succ(d)

X, Y=

if x < an or
return d

div_down (a, b)




if a =0 or b ==20 or abs(a) == float (”
abs(b) == float (”inf”) or a
!= a or b != b:

/ b

inf”) or
return a

if b< 0 :
an, bn = —a,
else:
an, bn = a, b
if abs(an) < 2.%%(—969):
if abs(bn) < 2.%%918:
2.%x%x105
2.x%x105

an *=
bn *x=

else:

< 0.:

return

if an
—2.x%x(—1074)
else:

return O.
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d = an / bn 0oooooooooooood
if d = float (”inf”): #include <fenv.h>
return sys.float_info .max double add-up(const double& x, const double&
elif d = —float (”inf”): y) {
return d volatile double r, x1 = x, yl = y;
fesetround (FECUPWARD) ;
x, y = twoproduct(d, bn) r = x1 + yl;
if x > an or (x == an and y > 0.): fesetround (FE_TONEAREST) ;
return pred(d) return r;
return d }
00000000000000010"° 0000000
def sart-up (a) oooooooo0
d = math.sqrt (a)
if a < 2.%x%x(—969):
a2 — a % 2.%x%106 od oo od od ogo
d2 = d % 2.%%53 oboobobo 13.2ns | 13.2ns | 14.1ns | 14.5ns | 13.3ns
x, y = twoproduct(d2, d2) ggoogod 1.2ns 1.2ns | 13.4ns | 21.7ns 7.6ns
if x < a2 or (x = a2 and y < 0.):
d = succ(d) go0oboooooboobobobooboooboboo
return d loobooboobooboobo 2000000
oo0odoodbOoooobOooboboooooooon
*, ¥ = twoproduct(d, d) D0D000000000000000000000
if x < aor (x =aand y < 0.): .
d = suce(d) http://verifiedby.me/0 00000
return d
def sqrt_-down(a)
d = math.sqrt (a) |:| |:| |:| |:|
" a,< E'**(7969)' [1] Donald E. Knuth: “The Art of Computer Pro-
a2 = a * 2.%xx106 R . R .
d2 = d % 2.%%53 gramming Volume 2: Seminumerical Algorithms”,
x, y = twoproduct (d2, d2) Addison-Wesley, 1969
if x> a2 or (x = a2 and y > 0.):

d =

return d

pred(d)

x, y = twoproduct(d, d)

if x> a or (x ==a and y > 0.):
d = pred(d)

return d
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